Finally, pH(x, t)=p((G'(x))t)(l)=pG(x, 0)=pH(x, 0), and H is the required map.
Let 5=(E, />, 73) be a fiber space and let X be an arbitrary topological space. Two maps h, g: X-*E such that pg = ph are said to be fiber homotopic (h~/g) if there is a map 77: XXl-^E such that H(x, 0)=h(x), H(x, l)=g(x) and pH(x, t) = h(x) =g(x), 0£t£l.
In terms of the above notation the FHET can be restated as follows:
(2.2) FHET. Let 5 = (E, p, B) be a fiber space and let (X, A) be a metric pair. Suppose that either E is an ANR or (X, A) is an ANR pair. Furthermore, suppose h~/g: A-+E and h is extendable to a map h': X-+E. Then g is extendable to a map g' : X-^E such that h'~fg'.
The theorem should be compared with Theorem 2.1 of [2] . In [7, Theorem 2 .1] A. T. Lundell states the following theorem and indicates that the proof is a slight modification of the proof of a suitable covering homotopy theorem.
Theorem (2.3). Let ?=(£, />, 73) be a locally trivial fiber space, let X be locally compact and paracompact, and let A be a closed subset of X. Suppose f:X-*E and h: XXI-^B are such that pf=h\Xx{o}.
Suppose further that there is a "partial lifting" of h on A, i.e., a map h': A XI-^E such that ph' = h\AXl, and h'\Ax{0} =f\A. Then there exists a map ïi:XXI-*E such thatpl = h, /tlXxfo} =f and h\AXl = h'.
It is easy to see that such a theorem implies that all spaces have the homotopy extension property with respect to locally compact, paracompact pairs (X, A) as follows. Let E denote any topological space, 73 a single point and /»: E-»73 the constant map. (E, p, 73) is clearly a locally trivial fiber space.
Now if h': (XX{0})VJ(AXI)-^E
is given, ph' is clearly extendable to h: XXI-*B. Applying the above theorem, h' is extendable to h: XXI->E.
Hence, E has the homotopy extension property with respect to (X, A). This is clearly false since there are numerous examples of spaces which do not have the homotopy extension property with respect to compact pairs. We see here also that conditioning the base 73 in the above theorem is of no consequence. We can, however, prove the following theorem which follows easily from FHET and which is sufficient for the material in [7] .
Theorem (2.4). Let 3 = (E, p, B) be a fiber space and (X, A) a metric pair. Suppose that E is an ANR or that (X, A) is an ANR pair. Suppose further that there are maps f: (XX {o})\J(A X7)->£ and h:XXl->B such that pf=h\ (XX {o})\J(A X7). Then, there exists a map f: XXl->E which is an extension of f and such that pf=h.
Proof. Let hxEB! and fxEE1 be the paths defined by hx(t) = *(*, t), x G X, 0 g t ¿ 1, Mt) =f(x,t), xeA, ogíái.
Let A be a lifting function for í and define a map h': XXI->£ by h'(x,t) = A(f(x,0),hx)(t).
Then, h'(x, 0) =/(x, 0), and if xCA, h'(x, t)=A(fx(0), pfx)(t) so that by Proposition 1, [l], there is a homotopy 77: (A XI) X7->£ with the following properties :
(1) 77(x, t, 0) = h'(x, t), (2) H(x,t,l)=f(x,t),
pH(x,l,s) = pH(x, t).
Define a map 77': (A XI) X7U(AX {o}) X7^£ by
Applying the FHET using the pair (AX7, (¿ X7)U(AX {o})), we obtain a map /: XXI-*£, which is an extension of/, and which satisfies the relation pf(x, t)=ph'(x, t) =h(x, t). This proves the theorem. Let us recall also the definition of a locally trivial fiber subspace. Let $= (£, p, B, F) and ï' = (£', p', B, F') be locally trivial fiber spaces over the same base B. ST' is called a locally trivial fiber subspace of ff provided £' ££, p' = p| £ and for each x£P there is an open set U and a homeomorphism of pairs fa: (UXF, UXF')-^(p'l(U), p'~l(U)) such that p<pv(b, z)=&, (Ö, z)
CUXF.
Example. Let ÏF=(£, £, B, F) denote a locally trivial fiber space with fiber F a manifold. Suppose SF admits a cross section a and £' = £ -<r(B).
Then, if p' = p| £', <5' = (£', />', P, £') is a locally trivial fiber subspace of fj, where F' is P minus a point.
An immediate consequence of the proof of the Uniformization Theorem of Hurewicz [5] gives the following.
Theorem
(2.5). If ï' = (£', p', B, F') is a locally trivial subspace of tf=(E,p,B, F), then if B is paracompact í possesses a (regular) lifting function A with the additional property that A(e', u) CE'1, whenever e'CE', i.e., A restricted to î' serves as a (regular) lifting function for 'S'.
The following corollary is an immediate consequence of Theorem (2.5). It should be compared with Corollary 2.2 of Lundell [7] which was "proven" using the false Theorem (2.3). Thus, Theorem (2.5), states that if S' is a locally trivial fiber subspace of S with common paracompact base 73, then S' is a fiber subspace of S.
Theorem (2.6). If S = (E, p, 73) and S' = (E't />', 73) are fiber spaces (Hurewicz) over the same base B with E' EE and />' = p\E', then 3' is a fiber subspace of S whenever E is an ANR, 73 ¿5 metric and E' is closed in E.
Proof. Let flp= {(e, a)\p(e) = w(0)} EEXB1, Q,, = {(e', a) | p'(e') = «(0)} CE'XB1, and A: ßp-»£7, A': üv.-*En (regular) lifting functions for S and î', respectively. Furthermore, let W= {(e, co)Gñp|w = constant path at /»(e)}.
Then, if X = Q,XI, A = (ÜPX {0})U(JFX7)U(iy XI), (X, A) is a metric
pair with A closed in X. Define 77: X->E by 77(e, co, t)=A(e, u)(t) and g: A-*E by g(e', co, t) = M(e', «)(<),
if (e', co) G Öp-, 0 á < á 1,
Ä(e, o», i) = e, if (e, co) G W, 0 ^ í g 1, g(e, co, 0) = e, if («, co) G fip.
Then, if A = í7|^4, we have by Proposition 1 of [l], g~jh: A-*E. Thus, by FHET (2.2), g is extendable to a map G: X-+E, such that G'^/77. Hence, if we define A"(e, co)(/) = G(e, co, /), (e, co, /) G ß* X 7,
A" is the required lifting function and 'S' is a fiber subspace of S. Remark. Thus, Corollary (2.6), which is valid for S' a fiber subspace of ÍF, is valid when S', S are locally trivial fiber spaces over the same metric space B, provided E'CE and p'=p\E and if further E' is a closed subset of the ANR£.
There need not be in this situation, therefore, any connection between the local product structures of S and S', respectively.
It may be of interest to mention that the existence of a lifting function which applies simultaneously to S and 3' as in Theorem (2.6) provides simpler proofs in many situations. For example :
Theorem (2.7). Let S' = (£', />', 73) denote a fiber subspace ofS=(E, p, 73), with respective fibers F' and F. Then, there is a spectral sequence associated with a filtration of the singular G-chains, C*(E, E', G) whose Ei-term is naturally isomorphic to 77(73; 77X7^, F', G)) (local coefficients).
Proof. Essentially word-for-word the argument given for the Leray-Serre Theorem in [3] or [6] . Remark. Theorem (2.7) is, of course, valid when EF and ff' are fiber spaces in the sense of Serre [8] , provided the base B is common to both fJ and fJ', £' ££ and p' -p\ £'. The proof in this case is more cumbersome.
3. Applications. As an immediate consequence of the FHET and its proof we have the classical result: Corollary (3.1). Let 3 = (E, p, B) be a fiber space and assume that E is an ANR. Let A be a closed subset of B. Suppose a, a': A-+E are partial cross sections which are homotopic in the sense of [9, p. 167 ] . Then if a is extendable to a full cross section, a' is also extendable. Let bo be a base point in B and let Q(P) be the space of loops based at ¿>o. If fJ=(£, p, B) is a fiber space over B, any lifting function A induces a map <p: fi(P) X Fb<¡-^Fb<¡ given by
<b is called the loop action induced by A and is uniquely determined up to a homotopy class. Since A is regular, then <b(bo, x)=x, where 50 denotes the constant loop at bo. Our next theorem has to do with the realization of loop actions via lifting functions.
Theorem (3.3). Let i = (£, p, B) be a fiber space over a metric base B, with fiber F=p~l(bo), and suppose that <p is a loop action induced by a lifting function A. Let <p' : fi(P) X F->F be a map which is homotopic to <p and such that <¡>'(b0, #) =#, x£P. Then, if E is an ANR there is a (regular) lifting function A' for ï which induces <p'. Weak local contractibility is a homotopy type invariant, and in fact a dominance invariant, [l, p. l]. Hence, if (E, p, 73) is a fiber space over a 0-connected base, then if one fiber is w.l.c, every fiber is w.l.c. We also have the following lemma whose proof is left to the reader. Lemma (4.2). Let (E, p, B) be a fiber space. Suppose 73 is ^-connected and w.l.c. Then, if Fb(¡ is w.l.c. for some b0EB, E is w.l.c.
It might be pointed out that it is possible for E and all the fibers to be w.l.c. without 73 being w.l.c, and for E and 73 to be w. Proof. First, let X he any separable metric space which is w.l.c. and which has the homotopy extension property with respect to metric pairs. Let (Z, A) be such a pair. For any x0EX, let U be an open set containing xo, which is contractible in Jtoio; and let/: A->U he a given map. If / is considered as a map into X it is homotopically trivial, and can be extended to a map Z->X.
F~l(U) is an open set of Z containing A and F\ ^'(U)
is an extension of/with values in U. Hence X is a local ANR and consequently an ANR by a theorem of Hanner [3] . Now, by Corollary (3.2), each fiber Fb has the homotopy extension property with respect to metric pairs and since each Fb is w.l.c. the result follows.
The lemma is false without the w.l.c. condition on Fbo as will be seen in the next section.
We introduce now some notation. Let X and Y be topological spaces and /: X-»Fa given map. To the triple (X,f, Y) we associate a fiber space defined in the following way.
Let O/C-X'X Y1 be given by Í2,= {(*,co)|co(0) = /(*)}.
Qf is given the relative topology. If we set p/(x, co) = « (1) it is easily seen that the triple (ß/, /»/, Y) is a fiber space. If y0 is a base point in Y, let A{ = pJl(yo), and let ir(x, ui)=x, (x, w)EAf. The triple (Af, it, X) is also a fiber space and 7T_1(xo) = ß(F, y0), if yo=f(xo). If we had started with a fiber space (E, p, 73), then as is well known, E and Qp are fiber homotopy equivalent; and in particular, choosing a base point Z»0 in 73, p~l(bo) = F and Ap are of the same homotopy type. 
Lemma (4.5). If (£, F) is an ANR pair, then T(E, F, x0) is an ANR.

Lemma (4.6). If (X, f, Y) is a triple such that X and Y are ANR's then fi/ is an ANR.
We will prove Lemma (4.5), the proof of Lemma (4.6) being essentially the same except for some obvious modifications.
Proof of Lemma (4.5). By Hanner [4] it is sufficient to prove thatr(£, F, x0) is a local ANR. Let cj0 be any point in Y(E, F, x0). Since £ is an ANR, it is U.L.C. [8] , therefore there exists a neighborhood U of w0(l) and a map d>: UX U-^E1 such that: /' is a map F-»7£ and it follows that K is an ANR.
Theorem (4.7). Let (E, p, 73) be a fiber space such that E is an ANR, 73 iŝ There is also an open subset Ui of E such that XoE Ui, Ui(~\Fba= Vi. We can assume that /»( Ui) = M is contractible in 73 to bo keeping bo fixed, so that there is a map 7 : M-^B1 with the properties 7(e)(0) = b, bEM, 7(e)(1) = bo, bE M, 
p(x)(t) eu2cui, o^i^i.
We can now define a contraction p' : U% X I-* U\ keeping x0 fixed by :
(p(x)(2t), Oái^l/2 \t(p(x)(l),2t-l), l/2á<ál.
Thus £ is locally contractible at Xo. The second part of the theorem follows from the classical result that a separable metric space which is finite dimensional and locally contractible is an ANR.
5. Two examples. Proof. Suppose (£, p, B) is a fiber space and A is a subset of £ which is a fiber retract of £, that is, there is a map <J?: E->X such that $(x) =x, x£A; p$(x) =p(x), x££. Then, (A, p, B) is a fiber space. To see this, let (x, u>) be a pair such that p(x) =co(0), x£A, co£P/, and set A'(x, w)(t) = $(A(x, w)(t)), 0 ^ t ^ 1, where A is a lifting function for (£, p, B). A' is a lifting function for (A, p, B). Now C(A) X7 = {(s, t, tx) | x£ A, 0 g t ^ 1, 0 ^ s g 1} is a fiber space over 7 using the projection 7r(s, t, tx)=s. Clearly C2(A) £C(A)X7. Define a fiber retraction 3>: C(A)X7->C2(A) as follows:
